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Abstract

The model problem proposed to study the buckling of stratified geological layers consists of a linearly elastic plate,

capable of accommodating finite rotations, resting over an inviscid and buoyant fluid. The Lyapunov–Schmidt–Koiter

decomposition is applied to construct the bifurcated equilibrium solutions. The asymptotic analysis of the post-

buckling reveals a decrease in the magnitude of the lateral compressive force during an overall shortening of the

stratified structure. Buckling and post-buckling are not influenced by the presence of a vertical stress gradient in the

elastic plate. � 2002 Elsevier Science Ltd. All rights reserved.

1. Introduction

The layered structure considered here is a model problem often encountered in geological applications
with length scales ranging from sedimentary basins (Triantafyllidis and Leroy, 1997) to the lithospheric
thickness (McAdoo and Sandwell, 1985; Martinod and Davy, 1992; Wallace and Melosh, 1994).
The rock rheology during buckling departs from linear elasticity, an hypothesis considered here, because

the stress prevailing at the onset of buckling is sufficient to trigger irreversible deformation mechanisms
(Ramberg and Stephansson, 1964). However, the elastic stiffness of the structure can still control the initial
buckling of slender plates as well as the initial buckling mode development if the permanent deformation is
not generalized to the whole structure, as it was shown in the case of the buckling of a plate with diffuse
fracturing by Guiton et al. (2001). Also, an elastic unloading during buckling of an elasto-plastic plate
could lead to the arrest of the fold development in an elastic equilibrium state (Massin et al., 1996). It is for
these reasons that the complete post-buckling analysis of the conservative system composed of an elastic
plate over a buoyant inviscid fluid, not found in the literature, is a prerequisite to progress in our under-
standing of fold development.
The paper contents are as follows. Section 2 presents the model problem as well as the construction of

the total energy of the structure under initial stress. The selection of the appropriate strain measure for a
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plate at finite strain is found in Appendix A. Section 3 pertains to the fundamental solution to the problem,
characterized by a flat elastic plate, and to the onset of bifurcation. The Lyapunov–Schmidt–Koiter de-
composition (which is documented in Budiansky (1974), Potier-Ferry (1978, 1979) as well as in Iooss and
Joseph (1980)) is then applied to construct the secondary solution corresponding to the development of a
fold. The details of the calculations are found in Section 4. Section 5 contains a discussion of the results
obtained for a layered structure which is a prototype for a folded section through the Campos basin,
Offshore Brazil (Cobbold and Szatmari, 1991). The asymptotic solution is compared to a finite-element
approximation which is presented in Appendix B.

2. Description of the model problem

The three objectives of this section are to introduce the geometry of the model problem, to define the
kinematics of the elastic plate and to set up the energy of the solid–fluid system.
The model problem consists of a plate composed of an elastic isotropic material and having for length L

and thickness Hs in the reference configuration, Fig. 1a. This plate is in equilibrium over a buoyant in-
compressible fluid occupying in the reference configuration a layer of thickness Hf . The fluid is assumed
inviscid for the time scale of the loading. During loading, the right boundary wall of the layered structure is
displaced, while remaining vertical, by either varying the force P or the displacement D. The total volume of
the fluid being constrained, the fundamental solution to the problem consists of a plate sustaining a ho-
mogeneous compression and a vertical translation. One of the objectives of this paper is to derive the
loading conditions at which a second solution is possible in the form of a buckle, Fig. 1b. The deformed

Fig. 1. Geometry of the model problem: an elastic plate on an inviscid fluid in the reference (a) and (c) and in the current (b) and (d)

configuration. The variables necessary to define the plate kinematics are defined in (c) and (d).
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plate in either the fundamental mode or the buckled mode shown in that figure corresponds to the current
configuration.
The planar kinematics of the deforming plate are now provided. A material point in the plate reference

configuration labeled X is positioned by its projection on the mid-surface, point R, as well as by the distance
Z separating the two points, as shown in Fig. 1c. The normal and tangent vectors in the reference con-
figuration mid-surface are noted N and T and are the base vectors e2 and e1, respectively. Point X is
transformed to point x in the current configuration with the assumption that surfaces initially normal to
the mid-surface are also perpendicular to the mid-surface in the current configuration, the rotation of the
normal being denoted by w. Consequently, the material point at X and R are transformed to x and r, the
latter two points being distant by z, Fig. 1d. The normal and tangent vectors in the current configuration
are n and t, respectively. Above and in what follows, bold letters identify vectorial and more generally
tensorial quantities.
The studied transformation of the plate is described in two steps. First, the points on the mid-surface are

displaced by vðX1Þ and wðX1Þ in the directions e1 and e2, respectively. These two scalars v and w are function
of the first coordinate on the reference configuration X1. Note that the boundary condition at X1 ¼ 0 is
vð0Þ ¼ 0. Second, the displacement u of point X is the same as the displacement of its projection R on the
mid-surface plus the difference between the positions along the initial and the current normals

uðX1; ZÞ ¼ vðX1ÞTþ wðX1ÞNþ ðzn� ZNÞ: ð1Þ
It is of interest to express this displacement in terms of the base vectors and for that purpose Serret–Frenet
relations in the current configurations are recalled

t ¼ dr

ds
¼ coswe1 þ sinwe2 with k2 ¼ ð1þ v;1Þ2 þ ðw;1Þ2; cosw ¼ 1þ v;1

k
; sinw ¼ w;1

k
;

dt

ds
¼ �jn with jðX1Þ � �

w;1

k
¼ v;11 sinwð � w;11 coswÞk�2; ð2Þ

and are complemented by the definition of the curvature j, and the stretch ratio k in terms of the dis-
placement. In (2) and in the rest of this paper, a comma means derivative or partial derivative with respect
to the variable which follows (e.g. v;1 is dv=dX1). Note again that the angle w marks the rotation of the
normal with respect to the vertical direction, Fig. 1d, and that the boundary conditions are such that
wðX1 ¼ 0Þ ¼ wðX1 ¼ LÞ ¼ 0 for any equilibrium solution. The scalar s in (2) denotes the arc length on the
mid-surface of the plate in its current configuration and is a monotonic function of the initial position X1.
Consequently, any variable defined on the current configuration can also be seen as a function of X1.
Combining (1) and (2) provides the expression for the displacement in the (e1; e2; e3) basis

uðX1; ZÞ ¼ vðX1Þð � z sinwÞe1 þ wðX1Þð þ z cosw � ZÞe2: ð3Þ

The adopted strain measure which should be based on the gradient of the displacement field in (3) is not
the classical Lagrangian strain. It is shown in Appendix A that the appropriate strain measure is

e ¼ �ð þ bZÞe1 � e1 with �ðX1Þ ¼ kðX1Þ � 1 and bðX1Þ ¼ jðX1ÞkðX1Þ ð4Þ

adopting the assumption of plane-strain and disregarding the change in length in the direction normal to
the mid-surface (Z ¼ z). This strain tensor has a single component denoted e in the following which is
composed of two parts (e ¼ �þ bZ). The first, �, is the membrane strain and the second, bZ, is due to the
bending of the plate.
The last objective of this section is to define the total energy of the solid–fluid system. The solid plate is

composed of a linear elastic material under initial axial stress described by rpðZÞ ¼ rp0 þ Zk in which rp0 and
k are the initial stress at mid-surface and the vertical stress gradient, respectively. Integrating the material
free energy over the plate thickness results in the following internal energy per unit reference length of the
plate
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/ð�; bÞ ¼ Np�þMpb þ 1

2
EðHs�

2 þ b2IÞ with Np ¼ rp0Hs and Mp ¼ kI ; ð5Þ

in which E, I, Mp and Np are the modulus of elasticity for a plate (E3D=ð1� 2mÞ with m denoting Poisson’s
ratio and E3D Young’s modulus of elasticity), the plate inertia (short-hand notation for H 3

s =12) and the
initial moment and axial force, respectively. The axial force and the bending moment through any section
of the plate are

NðX1Þ ¼ N p þ EHs�ðX1Þ and MðX1Þ ¼ Mp þ EIbðX1Þ; ð6Þ

and are defined as the partial derivatives of the potential /ð�; bÞ, defined in (5), with respect to � and b,
respectively. The total internal energy of the plate Eis is the integral of the energy density /ð�; bÞ over the
mid-surface in the reference configuration. The energy of the external forces acting on the plate are due to
the gravity field and the action at the right boundary. One needs to integrate this gravity force projected on
the displacement vector (3) over the current configuration and to transform the result to the reference
configuration to obtain the contribution to the external energy which reads

Ee
s ¼ �qsHs

Z L

0

wdX1 � PsvðLÞ; ð7Þ

in which qs and Ps are the solid volumetric weight, defined as the solid volumetric mass in the reference
configuration times the gravity acceleration, and the force at the boundary acting on the solid plate
(positive in compression). Note that the second term in the right-hand side of (7) should only be present for
a force control on the boundary.
The fluid is inviscid and incompressible and its contribution to the total energy of the system is computed

by taking the difference in potential energy between the current and the reference configurations. In cal-
culating these quantities and for sake of simplicity, the thickness of the fluid layer is taken from the bottom
of the fluid layer to the mid-surface of the solid plate, as shown in Fig. 1a and b. This approximation is of
course valid as long as the fluid layer thickness is large compared to the plate thickness. The final expression
for the energy of the fluid is

Ef ¼ qf
1

2

Z L

0

ðw
�

þ HfÞ2ð1þ v;1ÞdX1 � H 2
f L

�
þ PfvðLÞ; ð8Þ

in which qf is the fluid volumetric weight, defined as the volumetric mass in the reference configuration
times the gravity acceleration. Note again that the last term in the right-hand side of (8) should only be
present for a force control.
It should be stressed that the volume occupied by the fluid is constant taking for value HfL. Conse-

quently, the vertical and horizontal displacement of the solid plate are constrained byZ L

0

ðwþ HfÞð1þ v;1ÞdX1 ¼ HfL: ð9Þ

To account for this constraint, responsible for the overall vertical displacement of the plate during
compression, the vertical displacement is decomposed in two parts

wðX1Þ ¼ xðX1Þ þ W ; ð10Þ

where the scalar W is found from (9) to be

W ¼ 1

l

�
� HfvðLÞ �

Z L

0

x coswkdX1

�
; ð11Þ

with l standing for the current length ðLþ vðLÞÞ of the structure.
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The total energy of the structure E is Eis � Ees þ Ef and its final expression reads

E ¼
Z L

0

N p�

�
þMpb þ E

2
Hs�

2
�

þ Ib2
�
þ Hsqsx þ 1

2
qfx

2k cosw

�
dX1 þ PvðLÞ þ HsqsWL

� qf
1

2
W 2l
�

þ H 2
f vðLÞ þ 2WHfvðLÞ

�
; ð12Þ

which is obtained by adding the integral over the plate length of (5)–(8), subtracting (7), introducing the
decomposition (10) and the constraint expressed in (9) and through the definition ofW in (11). In (12), the
total load P denotes the sum of the load over the solid and the fluid layers, Fig. 1.

3. Onset of bifurcation

The objectives of this section are to derive the conditions for the equilibrium of the fundamental solution
and to detect the onset of bifurcation. The fundamental solution is the collection of equilibria for which the
plate is flat as in the reference configuration, Fig. 1a.
The energy of the structure defined in (12) is interpreted as a function of only two independent field

variables v and x since the constantW is also defined in terms of these two variables in (11). Equilibrium at
a given applied load requires the energy to be a minimum in terms of the displacement. This equilibrium
statement requires that the Fr�eechet derivative of the energy vanishes

EðvÞv½evv	 ¼ 0 8evv 2 V; vð0Þ ¼ 0; x;1ð0Þ ¼ x;1ðLÞ ¼ 0; ð13Þ
in which the vector v denotes the couple (v;x) andV the set of admissible displacements denoted by evv. Eq.
(13) also includes the essential boundary conditions necessary to define the admissible displacements. The
general equilibrium condition in (13) takes the particular form for the present problem

Ev½evv	 ¼ Z L

0

N�v½evv	�
þ Mbv½evv	 þ Hsqs exx þ qfx exxð1

�
þ v;1Þ þ

1

2
xevv;1��dX1 þ PevvðLÞ þ qsHsLWv½evv	

� 1

2
qf 2WlWv½evv	�

þ ðW 2 þ H 2
f ÞevvðLÞ þ 2Wv½evv	HfvðLÞ þ 2HfW evvðLÞ� ¼ 0; ð14Þ

in which a superposed tilde designates admissible quantities. The linear operators introduced in (14) are
found from (2), (4) and (11) to be

�v½evv	 ¼ kv½evv	 ¼ coswevv;1 þ sinwexx ;1;

bv½evv	k2 þ 2bkkv½evv	 ¼ exx ;1v;11 þ x;1evv;11 � exx;11ð1þ v;1Þ � x;11evv;1;
Wv½evv	l ¼ �ðW þ HfÞevvðLÞ � Z L

0

exxð1ð þ v;1Þ þ xevv;1ÞdX1: ð15Þ

An updated Lagrangian formulation is now adopted to study the equilibria of the fundamental solution
and the displacement and the strain measure are thus set to zero

v ¼ 0; v;1 ¼ 0; w ¼ 0; k ¼ 1; b ¼ 0 8X1 2 ½0; L	; W ¼ 0: ð16Þ

The linear operators found in (15) then simplify for this equilibrium solution to

�v½evv	 ¼ kv½evv	 ¼ evv;1; bv½evv	 ¼ �exx;11; Wv½evv	L ¼ �HfevvðLÞ � Z L

0

exx dX1: ð17Þ
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With this information, the minimization of the energy providesZ L

0

Np evv;1ð �Mp exx ;11ÞdX1 þ evvðLÞ P
�

� qsHsHf �
1

2
qfH

2
f

�
¼ 0 ð18Þ

for a force control on the boundary. Integrating (18) by parts and accounting for the essential boundary
conditions leads to an equation which, to be satisfied for any admissible evvðLÞ, necessitates in turns

P ¼ �N p þ Hf Hsqs

�
þ 1

2
qfHf

�
: ð19Þ

One will recognize here the total force, positive in compression, necessary to balance the initial stress
distribution in the plate and the weight of both the plate and the fluid.
The rest of this section is devoted to the onset of bifurcation from this collection of equilibria, one of

them being the critical state at bifurcation which also defines the reference configuration. The absence of
bifurcation is defined by the possibility to construct uniquely neighboring equilibrium states by displacing
the boundary by �D. This scalar, positive in compression (l < L), is the ‘‘loading’’ parameter and the
energy is now interpreted as a function of both v and D. The collection of equilibria of the fundamental
solution is given by

v0ðX1;DÞ ¼ �D
X1
L
; x0ðX1;DÞ ¼ 0 and W0ðDÞ ¼

HfD
L� D

: ð20Þ

The searched equilibrium is constructed by a first-order development in terms of D of the equilibrium
equations in (13)

Eðv;DÞvv½evv;bvv	 þ Eðv;DÞvD½evv	bDD ¼ 0 8evv 2 V ð21Þ

for the loading increment bDD and the unknown displacement increment bvv. This construction will fail as soon
as the stability operator Evv, defined as the second Fr�eechet derivative of the energy, has a zero eigenvalue
with, for example, a single eigenvector v1 element of the null space V0. The critical initial normal force Np

c

at which the first zero eigenvalue is detected defines the onset of bifurcation along the fundamental solution

9Np
c such that Eðv ¼ 0;D ¼ 0Þvv½evv; v1	 ¼ 0 with kv1k ¼ 1; 8evv 2 V; ð22Þ

where it is stressed that the stability operator is expressed on the selected reference configuration. Note that
the letter c in subscript in (22), which could also be found in superscript in the rest of this paper, indicates
that the operator is evaluated at the reference configuration assumed to be critical for bifurcation. It re-
mains now to obtain the stability operator and to find the critical initial conditions for bifurcation 1. For
that purpose linearize the equilibrium conditions found in (14) knowing that the loading parameter
D ¼ �vðLÞ is held constant

Evv½evv;bvv	 ¼ Z L

0

N�vv½evv;bvv	½ þ Mbvv½evv;bvv	 þ E �v½evv	Hs�v½bvv	ð þ bv½evv	Ibv½bvv	Þ þ qf exxðbxxð1ð þ v;1Þ þ xbvv;1Þ
þ xbxxevv;1Þ	dX1 � qfl Wv½bvv	Wv½evv	ð þ WWvv½evv;bvv	Þ þ ðqfDHf þ HsqsLÞWvv½evv;bvv	 ¼ 0; ð23Þ

in which the operator �vv, bvv and Wvv are found from (17) to be

1 To differentiate between limit load and bifurcation, one should also check that Eðv ¼ 0;D ¼ 0ÞvD½v1	 is zero (Triantafyllidis and
Peek, 1992), a condition also respected here.
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�vv½evv;bvv	k ¼ �kv½bvv	kv½evv	 þ evv;1bvv;1 þ exx;1 bxx;1;

bvv½evv;bvv	k2 ¼ �2bv½evv	kkv½bvv	 � 2bv½bvv	kkv½evv	 � 2bðkv½evv	kv½bvv	 þ kkvv½evv;bvv	Þ
þ exx;1bvv;11 þ bxx;1evv;11 � exx;11bvv;1 � bxx ;11evv;1;

Wvv½evv;bvv	l ¼ �
Z L

0

exxbvv;1 þ bxxevv ;1 dX1:
ð24Þ

The next step consists of specializing the operators in (24) and Eq. (23) to the reference state described by
(16) and (17), to incorporate the former in the latter to obtain

Ec
vv½evv;bvv	 ¼ Z L

0

Np bxx ;1 exx ;1½ þMp bxx;1evv;11ð þ exx;1bvv;11 þ bxx ;11evv;1 þ exx ;11bvv;1Þ þ E evv;1Hsbvv;1ð þ bxx;11I exx ;11Þ

þ qf exx bxx	dX1 � qfWv½bvv	LWv½evv	 þ HsqsLWvv½evv;bvv	 ¼ 0: ð25Þ

One needs now to integrate by parts the first and second derivatives of the admissible displacement to
obtain an integral equation with two terms multiplied by evv and exx. Accounting for the essential boundary
conditions (evvð0Þ ¼ evvðLÞ ¼ 0), the Euler–Lagrange equations with boundary conditions are then found to be

EI bxx;1111 � Np bxx;11 þ qfðbxx þ bWW Þ � qsHsbvv;1 ¼ 0;

Ebvv;11 � qs bxx;1 ¼ 0 8X1 2 ½0; L	 with bvv ¼ bxx;1 ¼ bxx;111 ¼ 0 at X1 ¼ 0; L: ð26Þ

Resolution of this system of equations is standard and provides the critical normal force

Np
c ¼ �EIp2 � 1

p2
qf

�
� q2s

Hs

E

�
with p ¼ np

L
and n 2 N�; ð27Þ

and the eigenvector defined in (22)

x1ðX1Þ ¼ cos pX1; W1 ¼ 0; v1ðX1Þ ¼
qs
E
1

p
sin pX1: ð28Þ

Note that the decomposition of the eigenmode in terms of x1 and W1 is not unique but the sum of the two is.
Note also that the amplitude of the eigenmode in (28) has not been specified since the normalization
proposed in (22) has not been applied for sake of simplicity. This absence has no consequence on the
asymptotic calculations presented next.

4. Asymptotic construction of the bifurcated solution

The conclusion of the previous section is that there is a critical initial stress condition from which the
fundamental solution cannot be constructed uniquely in terms of the control parameter. One needs now to
establish the existence of a second equilibrium solution and the accepted approach for conservative systems
is the Lyapunov–Schmidt–Koiter method (e.g., Triantafyllidis and Peek, 1992). The equilibrium solution is
constructed from the addition of two parts, the first being the fundamental solution v0 and W0 given in (20).
The second part of the solution is also partitioned into two contributions. The first is proportional to the
stability mode nv1 in the null spaceV0, the scalar n being the bifurcation amplitude coefficient. The second
contribution is orthogonal to the null space and admits an asymptotic development in terms of the scalar n
with v2ðX1Þ being the first non-trivial term of that expansion. This function and higher-order displacement
functions satisfy the orthogonality conditionZ L

0

v1 � va dX1 ¼ 0 8aP 2: ð29Þ
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Combining these two contributions and the first part based on the fundamental solution provides the
structure of the post-bifurcation solution in the form of an asymptotic development

vðX1;DÞ ¼ v0ðX1;DÞ þ nv1ðX1Þ þ n2
1

2
v2ðX1Þ þ � � � ; ð30Þ

in which the small parameter n, the bifurcation amplitude coefficient, is defined by

n ¼
R L
0
v1 � ðv� v0ÞdX1R L
0
v1 � v1 dX1

; ð31Þ

thanks to the orthogonality condition (29), and has for dimension length. A similar development to (30) is
proposed for the loading parameter D

D ¼ nD1 þ n2
1

2
D2 þ � � � ; ð32Þ

where the condition that D is zero at criticality has already been accounted for. The problem thus consists
of determining the two scalars D1, D2 and the displacement function v2ðX1Þ introduced in (30). By enforcing
equilibrium in the null space and in its supplement in the set of admissible displacements one obtains three
equations

D1 ¼ � 1

2
Ec

vvv½v1; v1; v1	
	

d

dD
Evv½v1; v1	

� �c

;

Ecvv½evv; v2	 þ Ecvvv½evv; v1; v1	 ¼ 0 8evv 2 V;

D2 ¼ � 1

3
Ec

vvvv½v1; v1; v1; v1	
�

� 3Ec
vv½v2; v2	

�	 d

dD
Evv½v1; v1	

� �c

ð33Þ

necessary to determine these unknowns.
It can be seen, without any calculation, that the first of the three unknowns, D1 is identical to zero. This

conclusion is reached by replacing the eigenmode v1 by its opposite �v1 in the development (30). The
structure being symmetric with respect to the vertical axis passing through X1 ¼ L=2, the selection of v1 or
�v1 cannot influence the evolution of the displacement at the boundary and thus the scalar D1 in (32) has to
be zero.
The rest of this section is divided into two parts to present first the solution v2 to the second equation in

(33) and second, the evaluation of the three terms contributing to the value of D2 in the third equation in
(33).

4.1. The second-order displacement function v2

The second equation in (33) is a statement of equilibrium in the supplementary part of the null space in
V. The first term appearing in the left-hand side is the second Fr�eechet derivative of the energy at the critical
load and is identical to (25) with bvv replaced by v2. The treatment of this term thus does not require further
discussion and will lead to the two ordinary differential equations as in (26). These equations are com-
plemented by the contribution of the second term in (33) which is the third Fr�eechet derivative of the energy.
This derivative is constructed from (23) and reads

Evvv½evv;bvv;�vv	 ¼ Z L

0

½N�vvv½evv;bvv;�vv	 þ EHsð�vv½evv;�vv	�v½bvv	 þ �vv½bvv;�vv	�v½evv	 þ �vv½evv;bvv	�v½�vv	Þ þMbvvv½evv;bvv;�vv	
þ EIðbvv½evv;�vv	bv½bvv	 þ bvv½bvv;�vv	bv½evv	 þ bvv½evv;bvv	bv½�vv	Þ þ qfðexx bxx�vv;1 þ exx �xxbvv;1 þ �xxbxxevv;1Þ	dX1

� qfðWvv½bvv;�vv	lWv½evv	 þ Wvv½evv;�vv	lWv½bvv	 þ Wvv½bvv;evv	lWv½�vv	Þ; ð34Þ

3880 Y.M. Leroy et al. / International Journal of Solids and Structures 39 (2002) 3873–3891



in which the two linear operators �vvv½evv;bvv;�vv	 and bvvv½evv;bvv;�vv	 are found from (24) to be

�vvv½evv;bvv;�vv	k ¼ � kv½bvv	kvv½evv;�vv	 � kv½�vv	kvv½evv;bvv	 � kv½evv	kvv½bvv;�vv	;
bvvv½evv;bvv;�vv	k2 ¼ � 2bvv½evv;�vv	kkv½bvv	 � 2bvv½bvv;�vv	kkv½evv	 � 2bvv½evv;bvv	kkv½�vv	

� 2b kv½bvv	kvv½evv;�vv	

þ kv½evv	kvv½bvv;�vv	 þ kv½�vv	kvv½evv;bvv	�

� 2bv½bvv	 kv½evv	kv½�vv	



þ kkvv½evv;�vv	�� 2bv½evv	 kv½bvv	kv½�vv	



þ kkvv½bvv;�vv	�
� 2bv½�vv	 kv½evv	kv½bvv	ð þ kkvv½evv;bvv	Þ:

ð35Þ

Note that the operator Wvvv is identical to zero, explaining its absence from (34). The next step consists of
specializing (34) and (35) to the reference state defined by (16) and (17) with the displacement bvv and �vv set to
the eigenmode v1 to obtain

Ecvvv evv; v1; v1½ 	 ¼
Z L

0

exx ;11 Mp2 S21p
2

���
� C2

1

qs
E


 �2�
þ Iqsp

22 2C2
1

�
� S21

��
þ exx ;1 N p qs

E

�
þMp2 p2

�
þ qs

E


 �2�
� HsE

qs
E
� EIp2

�
C1S12p þ exx C2

1

�
� S21

� qsqf
E

� evv;11 2p2IE



� qs
E
4Mp

�
C1S1p þ evv;1
� N pS21p

2 þMp4
qs
E
p2 C2

1

�
� S21

�
þ HsES21p

2

� IE2C2
1p

4 þ qfC
2
1

�

dX1; ð36Þ

in which C1 and S1 denotes cosðpX1Þ and sinðpX1Þ, respectively. Integrating by parts to eliminate the de-
rivative of the admissible displacements and accounting for the essential boundary conditions, one obtains
the searched contribution to the two ordinary differential equations which govern the second-order dis-
placement function v2. These two equations are

EIx2;1111 � N px2;11 þ qf x2ð þ W2Þ � qsHsv2;1 þ
qs
E

�
� 8EIp4 þ 3qf þ 2

Hs

E

�
� q2s þ E2p2

��
C2 ¼ 0;

v2;11 �
qs
E

x2;1 �
1

EHs

EIp5
�

þ p
Hs

E
q2s
�

� E2p2
��

S2 ¼ 0 8X1 2 ½0; L	 with

v2 ¼ x2;1 ¼ x2;111 ¼ 0 at X1 ¼ 0; L; ð37Þ

in which C2 and S2 denotes cosð2pX1Þ and sinð2pX1Þ, respectively. The solutions to (37) are

x2 ¼ x
2
C2; W2 ¼ 0; V2 ¼ v

2
S2; ð38Þ

in which the amplitudes x
2
and v

2
are found from the orthogonality conditions (29)

x
2 ¼ qs

2E

5p4EI � 2qf þ EHs
qs
E

� �2 � p2

 �

4p4EI � qf þ Hs
E q2s

; v
2 ¼ � p3I

4Hs

þ 1

4p
p2

�
� qs

E


 �2�
þ qs
2Ep

x
2
: ð39Þ

4.2. The second-order control parameter D2

The last task of this section concerns the computation of the scalar D2 defined in (33) in terms of three
derivatives of the energy which are now documented. The first of the three is the fourth Fr�eechet derivative
of the energy which is found by taking the derivative of (34) and applying the resulting multilinear form to
the eigenmode v1
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Evvvv½v1; v1; v1; v1	 ¼
Z L

0

N�vvvv½v1; v1; v1; v1	
h

þ EHs 4�vvv½v1; v1; v1	�v½v1	



þ 3ð�vv½v1; v1	Þ2
�i

þ Mbvvvv½v1; v1; v1; v1	
h

þ EI 4bvvv½v1; v1; v1	bv½v1	



þ 3bvv½v1; v1	
2
�i
dX1

� qf3lðWvv½v1; v1	Þ2; ð40Þ

in which the two quadrilinear operators introduced above are defined by

�vvvv½v1; v1; v1; v1	k ¼ �3kvvv½v1; v1; v1	kkv½v1	 � 4kvv½v1; v1	kvv½v1; v1	;
bvvvv½v1; v1; v1; v1	k2 ¼ �8bvvv½v1; v1; v1	kkv½v1	 � 12bvv½v1; v1	ðkkvÞv½v1; v1	:

ð41Þ

Note that the second expression above accounts for the fact that the operator ðkkvÞvv½v1; v1; v1	 and
ðkkvÞvvv½v1; v1; v1	 are identical to zero. Eq. (40) is now specialized to the critical reference configuration
accounting for the expression of the eigenmode v1 found in (28) and it becomes after integration

Ec
vvvv½v1; v1; v1; v1	 ¼ ð � N p þ HsEÞLp2

9

8
p2

�
� 4

3

qs
E


 �2�
� qf 3L

qs
E


 �2
� IEp4L3 p2

�
� 3

qs
E


 �2�
:

ð42Þ
The second term of interest here to compute D2 in (33c) is the second Fr�eechet derivative Evv½v2; v2	 in

terms of the second-order displacement function. The starting point for its computation is (23) which is
then particularized to the reference state with the explicit expression for the second-order displacement
function found in (38). The end result after integration is

Ec
vv½v2; v2	 ¼ ðx2 Þ2 N p2p2

�
þ EI8p4 þ qf

1

2

�
Lþ ðv2Þ2EHs2p2L� x

2
v
2
Hsqs2pL: ð43Þ

The last term required to compute D2 is the denominator of (33)c and consists of ðd=dDEvv½v1; v1	Þc which
is the derivative with respect to the loading parameter of the second Fr�eechet derivative of the energy along
the fundamental solution. The value of the derivative is taken at the critical point and for the eigenmode v1.
The second Fr�eechet derivative of the energy along this fundamental solution beyond the reference state is
found from (23)

Evv v1; v1½ 	 ¼
Z L

0

N p

�"
� HsE

D
L

�
x2
1;1 1

�
� D

L

��1

þ qfx
2
1 1

�
� D

L

�
þ 2Mp x1;11v1;1ð þ x1;1v1;11Þ

� 1

�
� D

L

��2

þ EHsv21;1 þ EIx2
1;1 1

�
� D

L

��2

� 2L
L� D

qsHsx1v1;1

#
dX1; ð44Þ

with the linear and bilinear operators defined in (15) and (24) estimated with (20). Taking the derivative of
(44) provides

d

dD
Evv½v1; v1	

� �c

¼ 1

2
EIp4 � qf �

1

2
EHsp2 �

1

2
qs

qsHs

E
; ð45Þ

once the first-order eigenmode has been explicitly introduced, the integration over the domain has been
done and the expression has been evaluated at the critical reference configuration.
Having computed the three contributions to the scalar D2, we are now ready to analyze the post-bi-

furcation solutions for a particular example. Before doing so, the expression for the normal forces Ps and Pf ,
applied at the boundary of the plate and of the fluid respectively, as well as the total force P are discussed.
The force on the plate Ps is �Np

c � EHs�ðX1 ¼ LÞ and is now expressed in terms of the asymptotic devel-
opment discussed above as follows. The definition of the strain � in (4), of the fundamental solution (20), of
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the asymptotic development (30) and (32) are combined with the eigenmode and displacement function in
(28), (38) and (39) to obtain

Ps ¼ �Np
c þ EHs n

qs
E

�
þ n2

D2

2L

�
� v

2
p
��

þ � � � ð46Þ

The total force P conjugate to the control parameter D could be computed from (14) knowing the as-
ymptotic structure of the bifurcated solution. A more pragmatic approach is proposed starting with the
calculation of the force applied to the fluid layer on the right boundary of the structure. The total weight of
the structure being preserved by the transformation, one estimates the pressure at the bottom of the
structure and, from the gradient in the fluid layer, determines the force for any current configuration

Pf ¼ Hfð þ wðLÞÞ ðqsHs

�
þ qfHfÞ

L
L� D

� 1

2
qfðwðLÞ þ HfÞ

�
: ð47Þ

The asymptotic development is now incorporated in (47), following a similar procedure as for deriving (46),
resulting in

Pf ¼ qsHsHf þ
1

2
qfH

2
f � Hsqsn þ 1

2
n2
�
� qfH

2
f

D2

L
þ x

2
qsHs � qf

�
þ Oðn3Þ: ð48Þ

The total force on the boundary is then simply the sum of Ps and Pf in (46) and (48) and reads

P ¼ Pc þ
1

2
n2 ðEHs

�
� qfH

2
f Þ

D2

L
þ x

2
qsHs � 2EHsv

2
p � qf

�
þ Oðn3Þ; ð49Þ

in which Pc is the total force at bifurcation. The expressions for Ps, Pf and P, presented in (46), (48) and (49),
deserve some comments. The forces on the solid and the fluid layer have a leading term of order n which are
characteristic of asymmetric bifurcations. For example, the force on the solid plate would not increase but
decrease in the post-buckling regime if the bifurcation amplitude coefficient was changed from þn to �n. It
is the opposite influence which is observed for the force applied of the fluid part of the structure. Moreover,
the leading term in n for the solid (46) and the fluid (48) are the same but of opposite sign. As a consequence
the leading term for the total force in (49) is of second-order in n since the sum of these two first-order
contributions cancelled out. It thus remains to determine the sign of the leading term in (49) to determine if
the total force will increase or decrease during the post-bifurcation which is symmetric in terms of n. This
question is examined in the next section for a particular example which justify some simplifying assump-
tions.

5. Application

The discussion of the asymptotic construction of the equilibrium path is conducted for a specific ap-
plication, a folded section in the Campos basin, offshore Brazil, presented by Cobbold and Szatmari (1991).
The onset of folding has been studied by Triantafyllidis and Leroy (1997) assuming an elasto-plastic
rheology and the data required for the present discussion is summarized in Table 1.
The normalized critical load over the elastic plate for the onset of folding is expressed by (27) and is

plotted in Fig. 2 as a function of p ¼ np=L. Two additive contributions result in the expression for the
critical load which are plotted as dotted and dashed curves in Fig. 2. The first contribution is due to the
elastic stiffness of the plate and results in the classical quadratic expression for the Euler load (dotted curve).
The longer the plate, the smaller is the scalar p and the magnitude of the critical load to initiate buckling in
the absence of the fluid. It is the action of gravity on the fluid which penalizes the long-wavelength mode

Y.M. Leroy et al. / International Journal of Solids and Structures 39 (2002) 3873–3891 3883



(dashed curve). The resulting critical load is the sum of these two contributions and corresponds to the solid
curve in Fig. 2. It has a maximum characterized by

N p
M ¼ �2ðEIqfÞ

1=2
; pM ¼ qf

EI


 �1=4
: ð50Þ

These results are obtained from (27) with the remark that the dimensionless number e � qfHs=E is small
compared to one. The length LM ¼ p=pM for which the compressive force magnitude is minimum is here
2661 m. This value is surprisingly close to the 2500 estimated by Cobbold and Szatmari (1991), since the
rheology in the sedimentary basin cannot be elastic. Indeed, the compressive stress for buckling Np

M=Hs is
120 MPa and exceeds any sedimentary rock yield strength. The stress found with a deformation theory of
plasticity is close to 40 MPa (Triantafyllidis and Leroy, 1997). Despite this apparent discrepancy between
stress at buckling and rock strength, and for the motivations outlined in Section 1, we continue the analysis

Table 1

The geometry and elastic properties for the layered structure

Parameter Definition Value Unit

Hs Solid plate thickness 250 m

Hf Fluid layer thickness 600 m

qs Solid volumetric weight 22 000 Pa/m

qf Fluid volumetric weight 21 000 Pa/m

E Plate elasticity modulus 8.3 GPa

L Structure initial length 2.5 km

Fig. 2. The normalized critical load on the elastic plate, solid curve, as a function of the dimensionless wavenumber. This load results

from two contributions, the first due to the plate bending stiffness (dotted curve) and the second due to gravity (dashed curve).
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of the bifurcation equilibrium path. Of interest is to establish whether buckling proceeds with an increase or
a decrease in the loading parameter D as well as in the magnitude of the force applied on the boundary.
This question requires to determine the sign of the scalar D2 computed in the previous section. Its final

expression is obtained by combining the results of (39), (42), (43) and (45) in the definition (33). This ex-
pression is certainly too complex to determine its sign. It should be however stressed that an inspection of
every contribution permits to conclude that the vertical stress gradient k has no influence on the initial post-
bifurcation. To conclude on the sign of D2, it is proposed to select the length LM and to approximate the
expression of D2 for small e1=2 compared to one. In that instance one finds

D2

LM
¼ 1

H 2
s

ð3eÞ1=2; ð51Þ

and concludes that D2 is positive and thus that the bifurcated path is followed with an increase in the
loading parameter D. Knowing the sign of this scalar, we can now determine whether the fold development
requires an increase in the magnitude of the total compressive force acting on the structure. For that
purpose, the same asymptotic limit for small e is used to find out that the two terms yet unknown in (49), x

2

and pv
2
, are of order e and e1=2, respectively. Consequently, keeping the leading term in e only, the as-

ymptotic development (49) becomes

P ¼ Pc �
1

2
qfn

2 þ Oðn3Þ: ð52Þ

The leading term is negative and thus the compressive force magnitude decreases with the bifurcation
amplitude.

Fig. 3. The loading parameter D (minus the plate end displacement) as a function of the bifurcation amplitude n, according to the
second-order asymptotic development (solid curve) and the finite-element solution (dotted curve).
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To validate the results discussed above, the exact second-order asymptotic development is compared to
the finite-element solution to the buckling problem. The finite-element approximation is presented in
Appendix B. The opposite to the end displacement of the plate which is D is plotted as a function of the fold
amplitude in Fig. 3. The dashed curve obtained with the finite-element method confirms that the scalar D2 is
positive. The second-order asymptotic development, solid curve, is close to the finite-element solution and
thus remains valid even for values of the normalized fold amplitude as large as 0.2. The shape of the fold,
from which this amplitude is computed, is presented in Fig. 4 for different values of the end displacement at
the boundary. The relevance of the post-bifurcation solutions to the geological applications of interest
constrains the fold amplitude to remain small compared to the structure length defining the range for the
bifurcation amplitude n=L to be ½0; 0:05	. It is for that range that the asymptotic development proposed in
this paper takes its full validity.

6. Conclusion

The equilibrium solutions for the buckling of a plate over an inviscid and buoyant fluid have been
constructed as an asymptotic development in the post-bifurcation regime using the Lyapunov–Schmidt–
Koiter methodology.
The buckling load results from the competing influences of the bending stiffness and the gravity, the

former and the latter dominating at large and small wavenumbers, respectively. The weight of the plate
results in a vertical stress which is small compared to the elasticity modulus, the ratio of the two being of the
order of the scalar e. As a consequence, the weight of the plate has an influence on the buckling load of
order e compared to one. The vertical stress gradient, a consequence of gravity, is found to have no in-
fluence on the buckling load nor on the initial development of the bifurcation. This absence of any influence

Fig. 4. The shape of the buckled plate in the post-bifurcation regime. Coordinates are normalized by the plate length. The dotted line

defines the initial position of the plate.
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of the vertical stress gradient on the buckling load differs from the results of Leroy and Triantafyllidis
(1996). This discrepancy is explained by the methodology used in the above reference: the starting point is a
stability variational form for the stratified continuum from which the asymptotic limit of a thin overburden
characteristic of a plate solution is derived.
The main result concerning the post-bifurcation regime is that bifurcation occurs with a decrease in the

magnitude of the total load which is necessary to obtain an overall shortening of the structure. This result is
proved here for small values of the parameter e. This finding has some consequences on the interpretation
of the results obtained by Massin et al. (1996) who studied a similar problem geometry for an elasto-plastic
overburden resting over a viscous, incompressible fluid. The buckling load has the same expression as the
one found here with the modulus of elasticity replaced by the tangent modulus, an assumption valid if
unloading is unimportant at the onset of buckling. The elasto-plastic buckling load is then of course only a
fraction of the Euler load. The main result of Massin et al. (1996) is that buckling ends with the complete
elastic unloading of the plate, the stratified system reaching a new equilibrium state. This result was ex-
plained by the stretching of the mid-surface during fold development conducting to a relaxation of the axial
compressive load. An open question is then the link between the new equilibrium states and purely elastic
solutions positioned on an equilibrium branch emanating from the Euler load. The present findings indicate
that the post-bifurcation elasticity solutions require a decrease in the magnitude of the compressive force
which could thus become comparable to the forces generated for the elasto-plastic post-bifurcation equi-
librium solutions. A quantitative assessment of this conjecture will, however, require a complete analysis of
the distribution of the permanent deformation over the plate used by Massin et al. (1996), the subject of
future investigations.

Appendix A. The appropriate strain measure

The selection of a strain measure has consequences on the Euler–Lagrange equations obtained by
minimizing the total energy of the system. For a plate at finite strain, the Euler–Lagrange equations
transformed to the current configuration have to coincide with the classical equilibrium equations in terms
of moment, shear and normal forces. The Lagrangian strain obtained with the gradient of the displacement
expressed in Eq. (3), classical in continuum mechanics, does not permit to achieve this goal. The objective of
this appendix is to provide a concise derivation of the appropriate strain measure for some one familiar
with continuum mechanics but unaware of the contribution of Antman (1968) and Triantafyllidis and
Samanta (1986).
The logical step that one could be inclined to follow to obtain a strain tensor is to start from the gradient

of displacement expressed in the ðe1; e2; e3Þ basis and found in Eq. (3) in the main text. The displacement
gradient GradðuÞ is

GradðuÞ ¼ ou

oXi
� ei

¼ vð � Z sinwÞ;1e1 � e1 þ wð þ Zðcosw � 1ÞÞ;1e2 � e1 � sinwe1 � e2 þ ðcosw � 1Þe2 � e2;

ðA:1Þ

in which the transversal extension is disregarded (z ¼ Z). Note that in (A.1), a summation over repeated
indices implies summation from 1 to 2 and the symbol � is the tensorial product (ða� bÞ � c ¼ aðb � cÞ for
any three vectors a, b and c). The gradient of the transformation F defined by F ¼ d þGradðuÞ has for
polar decomposition F ¼ R �U with

R ¼ coswðe2 � e2 þ e1 � e1Þ þ sinwðe2 � e1 � e1 � e2Þ þ e3 � e3;

U ¼ ðkð1þ ZjÞ � 1Þe1 � e1 þ d; ðA:2Þ
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so that the Lagrangian strain tensor is

e ¼ 1

2
tF � Fð � dÞ ¼ 1

2
ðk2

�
� 1Þ þ Zjk2 þ 1

2
Z2j2k2

�
e1 � e1: ðA:3Þ

The symbol d introduced above denotes the second-order identity tensor. The deformation tensor in (A.3)
has a single component defining the longitudinal strain. It is a quadratic function of the Z-coordinate. With
the condition Zj � 1, met by slender structures, expression (A.3) simplifies to an expression of the type

ð�þ ZbÞe1 � e1; ðA:4Þ

where � and b are the membrane and bending strain, respectively.
One of the objectives of the rest of this appendix is to show that the choice of � and b found in (A.3) is

not appropriate to obtain the standard equilibrium equations in the current configuration. For that pur-
pose, these equations are first recalled with the help of Fig. 5 which shows an infinitesimal length ds of the
plate in equilibrium in the current configuration. Equilibrium requires

dM

ds
� t ^Q ¼ 0;

d

ds
ðQþNÞ þ ps ¼ 0;

ðA:5Þ

in which M, Q, N and ps are the bending moment, the shear force, the normal force and the load per unit
length in the current configuration, respectively. Every vector could be expressed in terms of its components
in the ðt; n; e3Þ basis ðM ¼ Me3;Q ¼ Qn;N ¼ N tÞ so that the equations of equilibrium become in the ref-
erence configuration

dM
dX1

� Qk ¼ 0;

d

dX1
ðQþNÞ þ p1 ¼ 0;

ðA:6Þ

in which p1 stands for the distributed load per unit length on the reference configuration (p1 ¼ psk).
The axial force and bending moment N and M are now given an interpretation based on the material

response over the plate cross-section. Assume that there exists a free energy density uðeÞ (with e ¼ �þ bZ)
such that the first and only component of the second Piola–Kirchoff stress tensor (S ¼ Se1 � e1) is

Fig. 5. The free body diagram of a segment of the plate having for infinitesimal length ds in the current configuration.
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S ¼ ou=oe. Integrating this energy density over the reference configuration cross-section results in a po-
tential /ð�; bÞ function of the two unknown strain measures. The normal and bending components are then
defined by

N � o/ð�; bÞ
o�

¼ o

o�

Z Hs=2

�Hs=2
uðeÞdZ ¼

Z Hs=2

�Hs=2
S dZ;

M � o/ð�; bÞ
ob

¼ o

ob

Z Hs=2

�Hs=2
uðeÞdZ ¼

Z Hs=2

�Hs=2
SZ dZ:

ðA:7Þ

The stress scalar S could also be interpreted as the first component of the Cauchy stress tensor in view of the
transformation gradient in (A.2) and the approximation z ¼ Z 2. The integral in (A.7) could thus be
thought of as being set on the current configuration, providing the spatial interpretation of the bending and
normal components which were postulated for writing the equilibrium in (A.5).
Consider now the total energy of the beam, which is the difference between the internal and external

energy

E ¼ Ei � Ee with Ei ¼
Z L

0

/ð�; bÞdX1 and Ee ¼
Z L

0

p1 � udX1 þ ð � Mw þ ðQþNÞ � uÞjL0 ; ðA:8Þ

and minimize E to obtain the equilibrium conditionsZ L

0

Ne���
þ Mebb � p1 � euu þ d

dX1
M eww


� ðQþNÞ � euu�
dX1 ¼ 0; ðA:9Þ

in terms of the variations e�� and ebb in the unknown strain measures, in angle eww and in displacement euu. It
remains now to differentiate the term in parenthesis in the integrand, to include the equilibrium equations
(A.6) and to make use of the relations euu;1 ¼ ekktþ ewwkn to obtainZ L

0

N e��
 � ekk�þM ebb
 þ eww;1

�
dX1 ¼ 0: ðA:10Þ

This equation requires

e�� ¼ ekk and ebb ¼ �eww ;1 ¼ fjkjk: ðA:11Þ

The choice for b and � obtained from the Lagrangian strain tensor in (A.3) does not permit to satisfy this
criterion and thus cannot be considered for the admissible strain measure. To obtain the expected equi-
librium equation, one needs to select b ¼ jk and � ¼ k � 1. These expressions define the strain measure
which enter the definition of the strain tensor ð�þ bZÞe1 � e1 denoted e in the main text.

Appendix B. The finite-element solution

The objective of this appendix is to construct the finite-element approximation to the solution of (14).
For that purpose xðX1 ¼ 0Þ is set to zero to select a decomposition in (10).
The displacement discretization for the variable v ¼ ðv;xÞ over a two-noded element of length Le is

v ¼ N � q with N ¼ H1 H2
Le
2

0 0 H3 H4
Le
2

0 0
0 0 H1 H2

Le
2

0 0 H3 H4
Le
2

� 

; ðB:1Þ

2 To reach this conclusion, use the transformation rule JF � S � tF to obtain the Cauchy stress JSt� t and approximate the Jacobian

of the transformation J by one, its zero order in jZ.
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in which q is the collection of nodal variables ðv1; V1;x1;X1; v2; V2;x2;X2Þ where the subscript identifies the
node and V and X denote the derivatives with respect to the coordinate X1 of v and x, respectively. The
array N in (B.1), which should not be confused with the normal to the beam in the reference configuration,
is based on the four Hermite polynomials denoted Ha, (a ¼ 1; . . . ; 4). The first and second derivatives with
respect to X1 of the displacement are constructed similarly to (B.1)

v;1 ¼ M � q and v;11 ¼ O � q: ðB:2Þ

The 2� 8 arraysM and O differs simply from the definition of N in (B.1) by the derivatives with respect to
X1. Note that in this appendix the notation introduced in the main text for tensors is extended here to
matrices which are also identified by brackets [ ]. The notation ( ) is reserved for line vectors. The admissible
strain vector �v½evv	 is now defined as the collection tð�v; bvÞ½evv	 of two linear operators introduced in (15) and is
written as

�v½evv	 ¼ B � eqq with B ¼
cosðwÞM1i þ sinðwÞM2i

v;11
k2
M2i þ sinðwÞ

k O1i � cosðwÞ
k O2i � x;11

k2
M1i � 2b

k B1i

� 

; ðB:3Þ

in terms of the 2� 8 matrix B defined for its two lines and for the column i in terms of the components ofM
and O found in (B.2).
The element contribution to the equilibrium equations is teqq � F with

F ¼
Z Le

0

tB � r þ aN2 þ bM1 dX1;

a ¼ qsHs 1

�
� L

l
ð1þ v;1Þ

�
þ qf x

�
þ W � Hf

L
l

�
1ð þ v;1Þ;

b ¼ x

�
� qsHs

L
l
þ qf

x
2

�
þ W � Hf

L
l

��
;

ðB:4Þ

in which the column vector r, N2 and M1 are the pair
tðN ;MÞ and the column vectors composed of the

second and first line of the arrays N and M, respectively. This equation (B.4) is the finite-element ap-
proximation of (14) with the only difference that the zero-datum for W is set at the basis of the structure.
The linearization of (B.4) for a Newton–Raphson equilibrium search provides the following element
contribution to the global set of equations:

teqq � K



� qf
l
Q�Q

�
� bqq ¼ �teqq � F with eWW ¼ � 1

l
Q � eqq and Q ¼

Z Le

0

ð1þ v;1ÞN2 þ xM1 dX1;

K ¼
Z Le

0

tB �D � Bf þ g1tM �Mþ g2tP � R � Pþ g3ðN2 �M1 þM1 �N2Þ þ g4N2 �N2gdX1;

D ¼
ðEHs�Np

c Þ
k � 2M

k

� 2M
k EI

" #
; P ¼

M1i

O1i

M2i

O2i

26664
37775; R ¼

0 0 0 1

0 0 �1 0

0 �1 0 0

1 0 0 0

26664
37775;

g1 ¼ N
�

� 2bM
k

�
k�1; g2 ¼ �M

k2
; g3 ¼ qf x

�
þ W � L

l
Hf

�
� qsHs

L
l
; g4 ¼ qfð1þ v;1Þ:

ðB:5Þ

The Q�Q contribution in (B.5) to the global stiffness array ruins its band structure and a special so-
lution procedure is now proposed. Using the same notation at the global level as at the element level, it
consists of decomposing the global solution vector bqq into two parts bqq1 þ abqq2 with the scalar a set to �qf bWW .
The vectors bqq1, bqq2 and the increment bWW are then found by solving
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K � bqq1 ¼ �F; K � bqq2 ¼ Q; bWW ¼ �Q � bqq1
l� qfQ � bqq2 ; ðB:6Þ

which makes use of the band-structure of the global stiffness array K.
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